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Force Ripple and Cogging Force Minimisation
Criteria of Single-Sided Consequent-Pole Linear

Vernier Hybrid Machines
C.D. Botha, M.J. Kamper, R.-J. Wang, and A.J. Sorgdrager

Abstract—In this paper, the force ripple and cogging force
minimisation of single-sided consequent-pole linear vernier
hybrid machines is investigated through the use of the Taguchi
method. The study focuses on obtaining robust designs that
minimise the force ripple and cogging force through optimal
tapering of the translator teeth, the soft ferromagnetic conse-
quent poles and the permanent magnets. It is found that by
minimising the force ripple a better overall design solution
can be found, effectively minimising both the force ripple
and cogging force, while limiting the reduction in average
thrust force. The percentage contribution of each parameter
is analysed, from which a trend is identified and broad criteria
for the taper ratios are defined.

Index Terms—Consequent pole, design optimisation, force
ripple, linear vernier hybrid machines, Taguchi method

I. INTRODUCTION

The use of linear electric machines (LEMs) in direct-
drive applications is an attractive option, as they eliminate
the need for intermediate rotary-to-linear conversion systems,
reducing the overall system cost and improving the reliability
[1]. For low-speed, direct-drive applications, the conventional
linear permanent magnet (PM) machine is relatively bulky,
as the space required to house multiple pole pairs’ armature
windings is quite large [1], [2], thus the system cost is high.
As an alternative, the linear vernier PM machines [1], [3],
[4] and the linear vernier hybrid machines (LVHMs) [2], [5]
have been proposed for low-speed applications.

The working of both machine types is based on the
magnetic gearing effect, where the flux of multiple magnets
links with a single armature pole pair. These machines thus
have a very high force density. However, the high number of
PMs are also the cause of a large leakage flux, which results
in a low operating power factor.

In this paper, single-sided consequent-pole (CP) LVHMs
are investigated. With the consequent-pole configuration,
about 50 % of the PMs of a LVHM are replaced with soft
ferromagnetic poles, which reduce the amount of PM material
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used without negatively affecting the machine performance
[6], and in some cases even leads to improved machine per-
formance [5]. A previous study shows that the teeth tapering
of the consequent pole can improve the thrust force quality
[2]. However, this technique alone may not be sufficient to
lower the cogging force and/or thrust force ripple to a desired
level.

To investigate the separate and combined effects of taper-
ing the CP teeth, PMs and translator teeth have on force ripple
and cogging force, the Taguchi method is used in this study
in an attempt to find a solution that effectively minimises
both in CP LVHMs.

The paper proceeds as follows: Section II describes the
machine configurations and the operating principle of the CP
LVHMs. Section III explains the design optimisation frame-
work using the Taguchi method. In Section IV, the results and
comparison of the design optimisation are presented, and the
relevant conclusions are drawn in Section V.

II. MACHINE TOPOLOGIES AND OPERATING PRINCIPLES
OF THE CP LVHM

A. Configurations

The different CP LVHM configurations are shown in Fig.
1, with the specifications of each being given in Table I. The
investigation is done on a 500 N thrust force level, with each
machine designed to provide 500 N at an efficiency of 90
% or above using only q-axis current. In order to improve
the quality of the thrust force and reduce the cogging force,
tapering schemes including the consequent poles, PMs as
well as the translator teeth are considered. The different taper
ratios, defined by (1) to (3), are illustrated in Fig. 2, where
wPM is the magnet width, kcN/S

is the CP taper ratio, and
with the N/S subscript indicating whether the ferromagnet
pole is adjacent to a north or south pole magnet, km is the
magnet tapering ratio and kt is the translator tooth tapering
ratio.

B. Operation Principles

The CP LVHM operates on the principle of magnetic flux
modulation, converting a slow rate of change in mechanical
position to a high rate of change in flux. When a magnet
pole pair is aligned with the translator, the coil flux linkage
reaches its maximum value. As the magnet pole pair moves
a quarter of the translator pole pitch, the coil flux linkage



Fig. 1. CP LVHM configurations considered in this study.

TABLE I
CONSEQUENT-POLE MACHINE SPECIFICATIONS

Parameters Machine I Machine II Machine III
Force (N) 500 500 500
Current density (A/mm2) 3.33 2.3 2.39
Efficiency (%) 90 92.8 92
Force ripple (%) 11.8 10.5 8.9
Cogging force (%) 12.97 4 4.7
PM pole pair/mover tooth 2 3 4
Magnet width (mm) 13 9.2 7.8
Magnet thickness (mm) 3.8 4.8 4.4
Magnet remanence (T) 1.3 1.3 1.3
air gap (mm) 1 1 1

reaches the minimum. Moving one translator pole pitch is
equivalent to one full electrical cycle. This produces a rapid
change in flux linkage with small mechanical movement.

This flux modulation principle is illustrated in Fig. 3 for
a single mover unit with two PM pole pairs per mover tooth,
where pm is the PM pole pairs and pt is the number of

kt =
Translator tooth tip

wPM
(1)

kcN/S
=

CP tooth tip

wPM
(2)

km =
PM tip

wPM
(3)

Fig. 2. Different tapering ratios used in this paper.

Fig. 3. Flux modulation principle, illustrated for a single mover unit with
two PM pole pairs per mover tooth.

active translator teeth. The modulated air gap flux density
contains three major components, namely the harmonic term
produced by the PM pole pairs and two terms produced due
to the modulation by the translator teeth.

The armature winding needs to be designed to have the
same pole pairs as one of these two components, generally the
lower-order harmonic for LVHMs, to produce useful thrust
force.

III. THE TAGUCHI METHOD

The Taguchi method, developed by Dr Genichi Taguchi
in the 1940s [7], is an improved design of experiments (DoE)
method. It aims to determine an optimal design solution,
which is robust and stable, rather than a definite optimum
point [8]. The Taguchi method involves the use of special
tables known as orthogonal arrays (OAs), wherein the number
of trials and parameter values are predefined.

The advantages of the Taguchi method include indepen-
dence from the initial condition, the ease of determining the
subsequent parameter values, reduced parameter complexity,
and the insight it provides into the interaction between the
parameters [8], [9]. Another important aspect of the Taguchi
method is that it allows a sensitivity analysis to be performed
using the same design framework. This enables a designer
to determine the robustness of the final design when it is
subjected to the variations in the optimum parameter values,
such as those that manufacturing tolerances are likely to
introduce.

Although there are other methods that are used for robust
design, such as a Monte Carlo simulation or a Taylor series
expansion, the Taguchi method is computationally more
efficient and less complex [10].

The use of the Taguchi method for the design of electrical
machines has been rather limited, as the method is not
well suited for iterative design optimisation. Some recent
research has attempted to address these limitations associ-
ated with the Taguchi method and has applied the method
for single-objective [11], [12] and multi-objective [8], [13]
design optimisations on various machine topologies [9]. In
[8], the Taguchi-based regression rate (TBRR) approach



Fig. 4. The Taguchi-based optimisation framework.

was proposed and successfully implemented in the design
of electrical machines. In Fig. 4 presents an adaptation of
this framework, with each block described in the following
subsections.

A. Taguchi Optimisation

The initial design choices form the most important part of
the design optimisation. These include investigating different
possible orthogonal arrays, deciding on the parameters and
their ranges, and determining a fitness function and termina-
tion criteria.

A specific OA refers to a certain parameter combination,
which consists of a number of levels, i.e. the number of values
each parameter has, and the number of parameters. This study
uses an L9 (34) orthogonal array, similar to the one used in
[11], of which an example is given in Table II. This OA has
four input parameters, with three levels each, consisting of
nine trials.

TABLE II
AN EXAMPLE OF THE L9 OA.

L9 k
c
S

k
c
N

k
m

k
t

R1 R2 R3 R4 M
ea

n

M
SD

S/
N

T1 L1 L1 L1 L1
T2 L1 L2 L2 L2
T3 L1 L3 L3 L3
T4 L2 L1 L2 L3
T5 L2 L2 L3 L1
T6 L2 L3 L1 L2
T7 L3 L1 L3 L2
T8 L3 L2 L1 L3
T9 L3 L3 L2 L1

Br T T M M
tPM T M T M

The design can also be exposed to certain “noise” factors
through the use of an outer array, which further ensures the
robustness of the design.

The input parameters are the taper ratios described in the
previous section, while the noise factors are the PM rema-
nence, Br, and the magnet thickness, tPM . Each iteration
of the TBRR method thus consists of nine main candidate
trials, requiring four noise conditions and resulting in 36
simulations.

As the simulations are predefined for each iteration, the
use of parallel computation may be considered and, in doing
so, reduces the overall optimisation time.

After the parameters are chosen and the value ranges are
determined, the OA can be initialised. On the first iteration,
the minimum and maximum values of each parameter are as-
signed to L1 and L3, respectively, with L2 being a mid-range
value. The initial level difference (LD) is then calculated as

LDn1
=

Lnmax
− Lnmin

number of levels + 1
, (4)

where Lnmin
and Lnmax

are the minimum and maximum
value of the nth parameter, respectively. The LD is used to
determine the parameter range of the subsequent iteration, as
well as the termination criterion. As an outer noise array is
used, a mean, a mean square deviation (MSD) and a signal-
to-noise (S/N) are calculated for each trial.

The MSD is calculated in accordance with the smaller-
is-better characteristic and is given as follows:

MSD =
R2
1 + R2

2 + R2
3 + R2

4

4
, (5)

where R1 → R4 are the outputs of a given trial. The S/N is
calculated based on the MSD, and is given by

S/N = −10 log(MSD). (6)

The results of each iteration are analysed through the
analysis of the mean (ANOM) of each trial’s S/N. This
determines the average effect of each parameter value on
the OA’s results, and is used to identify the optimum value
of each parameter. The optimum candidates’ performance is



then confirmed using the same noise conditions as the main
OA candidates.

For the next iteration, the new LD for each parameter is
calculated by

LDni+1
= RR · LDni

, (7)

where RR is the regression rate. While it is possible to use
a fixed regression rate, this could have a negative impact on
the optimisation, as a larger RR slows the LD convergence,
requiring more iterations, and a smaller RR increases the risk
of a poor design optimisation [8].

A better option is to use the feedback from the current
iteration to determine a dynamic regression rate (RRdyn) for
each parameter [8], as follows:

RRdyn = (RRmax − RRmin)
σ2
n

100
+ RRmin, (8)

where RRmax is 0.95, RRmin is 0.5, and σ2 is the per-
centage contribution of the nth parameter, calculated from
the analysis of variance (ANOVA) of the parameter’s S/N
ratio. Using this approach, each parameter has its own RR,
which is related to its contribution to the current iteration’s
performance variance. Using the newly determined LD, the
subsequent iteration’s OA can then be constructed.

The fitness function is defined as the force ripple or
the cogging force. As stated in the equation below, the
termination criterion is met when the LD ratio is lower than
the converged value (CV).

LDni

LDn1

< CV, (9)

with CV usually chosen as 0.01 or 0.001.

B. Sensitivity Analysis

The final step, after an optimum design solution is found,
is to perform a sensitivity analysis. This analysis uses the
same OA shape as described above. The optimum values for
each parameter are placed in L2, with this value then varied
by 10 % to determine the L1 and L3 values. A bar plot is then
used to display and investigate each parameter’s contribution
to the results of each iteration and the sensitivity analysis.

IV. COMPARISON AND ANALYSIS OF RESULTS

Two separate optimisations are performed for each of
Machine I, II and III, with the fitness function being the force
ripple and cogging force, respectively. The optimisation re-
sults are given as force ripple and cogging force minimisation
in Fig. 5, together with the baseline values from Table I.

As no force constraint is included in the implementation
of the Taguchi method, all three machines have a slight
reduction in average thrust force, as shown in Fig. 5(a).
This can be expected, as the force quality optimisation is
a fine-tuning process before finalising the design. However,
the reductions are all within a range of 4–6 %, with the
cogging force optimisation of Machine II having the largest

TABLE III
OPTIMUM TAPERING RATIOS FOR EACH MACHINE

Machine I
Baseline

value
Force ripple

optimum
Cogging force

optimum
kcN 0.6 0.67 0.74
∆x 0 0.915 1.83
kcS 0.6 0.73 0.72
∆x 0 1.89 1.77
km 1 0.92 0.88
∆x 0 -1.04 -1.57
kt 0.66 0.63 0.6
∆x 0 -0.39 -0.78

Machine II
Baseline

value
Force ripple

optimum
Cogging force

optimum
kcN 0.6 0.68 0.66
∆x 0 0.74 0.55
kcS 0.6 0.73 0.68
∆x 0 1.2 0.74
km 1 0.92 0.875
∆x 0 -0.74 -1.16
kt 0.66 0.6 0.6
∆x 0 -0.55 -0.55

Machine III
Baseline

value
Force ripple

optimum
Cogging force

optimum
kcN 0.6 0.71 0.7
∆x 0 0.86 0.78
kcS 0.6 0.73 0.69
∆x 0 1.02 0.71
km 1 0.89 0.88
∆x 0 -0.86 -0.94
kt 0.66 0.6 0.6
∆x 0 -0.48 -0.48

average force reduction of 27 N. Machine III has the smallest
reduction in average thrust force of 13 N.

All three machines display a significant reduction in force
ripple after the force ripple minimisation, shown in Fig. 5(b),
with the optimum ripple values for Machine I, II and III being
6.2 %, 6.1 % and 3.75 %, respectively. The cogging force of
each machine is also significantly reduced as a result of the
force ripple minimisation, with the cogging force of Machine
I reduced to 8.2 %, and both Machine II and III reaching
cogging forces below 3 % of the rated thrust force.

The cogging force minimisation of the machines, shown
in Fig. 5(c), produces similar reductions, with the optimum
cogging force values for Machine I, II and III being 4 %,
3.3 % and 2.1 %, respectively.

It should be noted that, for Machine II, the force ripple
minimisation actually results in a lower cogging force than
the cogging force minimisation, while for Machine III the two
minimisations produce near identical results. This is likely
due to the nature of the Taguchi method, as it searches for
an optimum solution that is robust, rather than a definitive
optimum.

The optimum tapering ratios for each optimisation are
given in Table III. Alongside the tapering ratios, a ∆x is
also given. This is the change, in mm, that occurs in the tip
of either the tooth or the PM. A positive value indicates the
tooth/PM tip has increased, with a negative value indicating
the opposite. A few observations on the tapering ratios can be
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Fig. 5. Results of the force ripple and cogging force minimisations.

made from these values, such as the identical optimum value
of kt for all three machines in the cogging force optimisation,
with the force ripple optimisation also producing the same kt
ratio for Machine II and III.

Similarly, kcS is generally tapered less than kcN , with
the only exception being the optimum values for cogging
force minimisation in Machine I and III, and the value of
km converges on 0.9 for all the machine optimisations.

Machine I has the most variance in tapering ratios be-
tween the two optimisations, which explains why the per-
formance results of the two optimisations differ so much.
The force ripple and cogging force minimisation of Machine
III result in very similar tapering ratios, and thus both
optimisations produce the same thrust force and force ripple
and very similar cogging forces.

To further investigate the effect of each tapering ratio,
Figs. 6 – 8 show the effective contributions of each tapering
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(b) Percentage contribution of each tapering ratio during the cogging force
minimisation

Fig. 6. Percentage contribution of each tapering ratio during the trials and
the sensitivity analysis for Machine I.

ratio on the force ripple and cogging force of Machine I, II
and III, respectively.

The significant effect that kt has on the cogging force
is clear from these graphs, and helps explain why all three
machine designs converge on a similar kt ratio. It is only
during the force ripple minimisation of Machine III that
kt does not have an overwhelmingly large effect on the
performance outcome. The same pattern is visible for the
sensitivity analysis of each machine, with the force ripple of
Machine III being the least sensitive to change in the value of
kt. This further confirms the importance of kt when designing
and manufacturing a CP LVHM.

Examining the sensitivity analysis of each optimisation,
the optimum force ripple result of Machine III would likely
be the most robust of all the designs, as none of the param-
eters contribute a large amount to the performance variance.
The cogging force minimisation of Machines I and III is
likely to be the least robust, as a small variation in kt is likely
to lead to a large variation in cogging force. It is interesting
to note that the two solutions for Machine III have similar
tapering ratios, but the one is less robust than the other.

To illustrate the robustness of the Taguchi optimum design
solution, the signal-to-noise (S/N) ratio of each trial from the
sensitivity analysis of the baseline and optimised machines is
shown in Fig. 9. The variance around the average S/N ratio
for the three optimised machines is less than the baseline
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(b) Percentage contribution of each tapering ratio during the cogging force
minimisation

Fig. 7. Percentage contribution of each tapering ratio during the trials and
the sensitivity analysis for Machine II.

machines. This indicates that the final design solutions are
more robust, with Machine II being the most robust, as it
has the lowest variance.

A. Confirmation Tests

As a further confirmation to the effectiveness of the
Taguchi method-based ripple/cogging force minimisation,
three additional machines, called Machine I B, II B and III B,
are investigated. These machines are also designed to provide
500 N thrust force at an efficiency of 90 % or above; however,
the force ripple and cogging forces of these machines are
much worse than the previous baseline machines.

The results of these optimisations are shown in Table IV.
A similar trend as shown in Fig. 5 is evident, i.e., a more
optimum overall solution can be found by minimising force
ripple instead of cogging force.

As an example of the results, the optimum tapering ratios
of the force ripple minimisation for Machine III B are 0.65,
0.7, 0.88 and 0.63, for kcN , kcS , km and kt, respectively.
These are very similar to the values given in Table III.

While the force ripple and cogging force of each machine
is lowered, the final design solutions do not achieve the same
level of low force ripple and cogging force as the previous
three machines. This highlights a limitation of ripple/cogging
force minimisation through the use of the four tapering
ratios. The initial force ripple and cogging force values of
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Fig. 8. Percentage contribution of each tapering ratio during the trials and
the sensitivity analysis for Machine III.
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Fig. 9. Comparison of the S/N ratios of the sensitivity analysis for the
baseline and Taguchi force ripple optimum of Machine I, II and III.

the machine are thus also important when implementing the
proposed method.

V. CONCLUSION

In this paper, the Taguchi method is used to minimise the
force ripple and cogging force of three 500 N CP LVHMs.
Using a simple L9 OA with four tapering ratios as the input
parameters, the force ripple and cogging force can be reduced
significantly. The use of the Taguchi method also allows for
investigating the effect and mutual interaction of the tapering
ratios on the machine performance, and produces a more
robust design with a slight reduction in average thrust force.



TABLE IV
RESULTS FROM THE TAGUCHI METHOD OPTIMISATIONS OF THE

ADDITIONAL MACHINES

Machine I B
Baseline

value
Force ripple

optimum
Cogging force

optimum
Force (N) 500 480 479

Force Ripple (%) 30 19.5 28
Cogging Force (%) 19.7 12.3 6.3

Machine II B
Baseline

value
Force ripple

optimum
Cogging force

optimum
Force (N) 500 482 471

Force Ripple (%) 17.6 9.2 16.3
Cogging Force (%) 8.3 8.5 4.1

Machine III B
Baseline

value
Force ripple

optimum
Cogging force

optimum
Force (N) 500 480 472

Force Ripple (%) 16.9 10.5 13.5
Cogging Force (%) 12.9 7.9 4.4

The results of the studied cases in this paper show that,
by minimising the thrust force ripple, a better overall design
solution can be found, as it effectively minimises both the
force ripple and cogging force, while not reducing the average
thrust force as much as the cogging force minimisation.

The different tapering ratios have a significant effect on
the force ripple and cogging force performance of the CP
LVHM. The kt makes the largest contribution during the
force ripple and cogging force minimisation, with a larger
taper generally resulting in a lower cogging force and force
ripple.

Tapering one mover’s CP slightly more than the others
appears to also help in minimising both the ripple and cog-
ging effect. The taper ratios for the magnets are very similar
throughout, indicating that a small taper in the magnets can be
beneficial, regardless of the goal; however, too much tapering
is likely to lead to a degradation in other performance aspects
of the machine.

The ∆x values of Table III show how small the variations
in the teeth/PM tips can be, suggesting that it is just as likely
that the specific combination of tapering ratios, instead of one
in particular, reduces the force ripple and cogging forces.
This emphasises the importance of finding a robust design
solution.

Some general guidelines can be given for the taper ratios.
Keeping kcN between 0.65 and 0.7, kcS close to 0.7, km
between 0.88 and 0.92 and kt 0.6 is likely to produce the
best results.
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