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Computationally Efficient Analysis of Double
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Abstract—In this study, a semianalytical calculation method for
obtaining 3-D solutions for the torque of radial-flux permanent
magnet eddy current couplers is presented. In this way, the use
of computationally expensive transient 3-D finite element solutions
is avoided, which is very important when it comes to the design
optimization of these machines. The proposed analytical method
takes the effect of flux density harmonics into account. The 3-D
end-effects are taken into account by using Russell’s coefficient.
The accuracy of the proposed semianalytical calculation method
is evaluated against extreme variation of machine dimensions. The
Russell end-effect factor is evaluated and found to be inaccurate
for axially short and radially large couplers. A prototype coupler
with different conductors was tested to validate the proposed semianalytical torque calculation method.
Index Terms—Analytical analysis, computationally efficient,
design optimization, eddy current coupler, radial flux.

I. INTRODUCTION
DDY CURRENT couplers are popular choices in industrial settings due to efficient operation, vibration isolation,
low maintenance, and overload protection, and are commonly
used in pump and braking systems. Eddy current couplers can
effectively transfer torque between two separate mechanical systems. In these couplers eddy currents are induced in a solid
conductor by means of a rotating magnetic field, generating a
magnetic reaction field in the conductor and therefore generating torque [1].
Research on permanent magnet (PM) axial-axis eddy current
couplers includes amongst others the derivation of functional
analytical torque expressions for the coupler [1]–[5]. In this paper, the focus is on an alternative semianalytical method of calculating the torque of a radial-flux eddy current coupler [6]. The
proposed semianalytical method includes a 2-D finite element
analysis (FEA) static solution, which distinguishes the method
fundamentally presented in [2]. The study done by Mouton and
Kamper [7] on the design of double PM-rotor radial-axis eddy
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Fig. 1.

Radial-flux double PM-rotor eddy current coupler.

current couplers has shown to deliver optimum designed prototypes, however, the methodology used for the machine design
optimization is found too complex and time consuming.
In the design optimization of radial-flux eddy current couplers, the use of 3-D transient FEA is shown to be necessary
for the accurate calculation of the coupler torque [8], [9]. Unfortunately, 3-D transient FEA is computationally expensive in
terms of time and computer hardware. A method whereby a 3-D
torque solution is obtained from a 2-D calculated torque was
developed by Russell for screen-rotor induction motors [10].
By multiplying the 2-D torque result with a coefficient that is
proportional to the size and overhang of the model, a 3-D torque
result is obtained. Using computational 3-D finite element (FE)
analysis Russell’s approach has been validated as an effective
method to use [11]–[13]. In this paper, a fast semianalytical
method is investigated for the accurate calculation of the torque
of PM-rotor eddy current couplers at low slip frequencies. First,
a 2-D analytical expression for the torque of the coupler is derived and evaluated against 2-D transient FEA. This is then used
together with Russell’s coefficient to calculate the 3-D torque of
the coupler taking end effects into account. The calculated results are verified in the paper by transient 3-D FEA calculations
and practical laboratory measurements.
II. EDDY CURRENT COUPLER FOR WIND ENERGY
APPLICATIONS
The radial-flux eddy current coupler shown in Fig. 1 and the
real prototype shown in Fig. 2 form the basis of this study.
The coupler consists of two PM rotors mechanically connected to the one shaft of the coupler, and a cylindrical solid
conductor (stator) in between the rotors and mechanically connected to the other shaft. The radial axis coupler generates flux
in the radial direction by means of the PMs mounted on the
surfaces of rotor yokes. The radial-axis coupler has the advantage of less structural (yoke) mass than the axial-axis coupler
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Fig. 2.
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Double PM rotor and cylindrical copper conductor.

Fig. 4.

Radial cross section of the radial-axis eddy current coupler.

Fig. 5.

Axial cross section of the radial-axis eddy current coupler.

TABLE I
CROSS-SECTIONAL DIMENSIONS OF PROTOTYPE COUPLER
Poles (p)
Base Speed
θm
θp
lg
hy
rc

Fig. 3.

16

l pm

35 mm

375 r/min
13.34◦
22.5◦
10 mm
4 mm
76 mm

l oh
α
β
hm
hc

8.5 mm
0.4857
0.23
5 mm
8 mm

Eddy current coupler used in wind generator drive system.

to compensate for the strong attraction forces between the two
PM rotors. The design specifications of the prototype coupler
of Fig. 2 are given in Table I, with explanation of the dimension
given in Figs. 4 and 5.
Eddy current couplers are commonly used in pump and braking systems. Another use of these couplers is in wind generator
systems, as shown in Fig. 3. Here, the coupler decouples the
generator-grid system from the higher frequency torque components of the turbine system. Hence, wind gusts and tower
shadowing effects, e.g., are not transmitted to the generator-grid
system. The concept is in essence the same as the direct drive
concept proposed in [14], where in Fig. 3 the coupler just replaces the slip rotor used in [14]. Together with the mechanical
gearbox it is possible to use any standard synchronous generator
in the wind energy system.
III. 3-D TORQUE CALCULATION METHODOLOGY
When designing the coupler, 3-D transient FEA calculates
the torque which is very close to practical measurements. In this
way, the torque of the coupler can be calculated using
τ = τ3D(FEt)

(1)

Fig. 6. 3-D FEA (1), semianalytical (2), and measured results of torque versus
slip of the prototype coupler.

where τ3D(FEt) is the 3-D transient FE solution of the torque.
Although accurate, 3-D transient FE simulations are computationally expensive, and hence completely impractical when used
in conjunction with optimization algorithms in the design of the
coupler. The 2-D transient FE solution (τ2D(FEt) ) on the other
hand is much faster, but does not deliver correct torque results,
as shown in Fig. 6.
In [10], Russell and Norsworthy published a study on eddy
currents and wall losses in screen-rotor induction motors,
and uses a method of deducing 3-D torque calculations from
2-D results and taking end-effects into account. In this way, the
torque of the coupler is calculated as
τ = Ke τ2D(FEt)

(2)

where τ2D(FEt) is the 2-D transient FE solution of the torque
and Ke is the so-called Russell’s end-effect factor in [10]. This
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Russell’s end-effect factor as a function of α with β a parameter.

end-effect factor is expressed as
Ke = 1 −

tanh(pβ)
(pβ)(1 + λ)

Fig. 8.

Cross section of eddy current coupler showing conductor layers.

Fig. 9.

Element of conductor in the ith conductor layer.

(3)

where p is the number of poles and β = lpm /dc with lpm the
active axial length of the PM rotors and dc the center diameter
of the cylinder conductor. In (3), λ is the overhang coefficient
defined by
λ = tanh(pβ)tanh(pαβ)

(4)

where α = loh /lpm and loh is the axial overhang length of the
cylinder conductor, as shown in Fig. 4. The variation of Ke as a
function of α is shown in Fig. 7, with β a parameter.
In a first evaluation of the accuracy of (2), the 2-D transient
FE solution shown in Fig. 6 is multiplied by the end factor of the
prototype coupler. With α = 0.4857 of the prototype coupler,
Ke is calculated as Ke = 0.735. Using this factor the calculated
torque of the coupler according to (2) is as shown in Fig. 6.
This shows that an accuracy of within 5% is obtained, which is
a first indication that (2) can be used instead of (1) to calculate
the torque of the eddy current coupler. Note that in Fig. 6 a slip
percentage region of only up to 10% is considered in this study at
a base speed of 375 r/min, as given in Table I. This implies a slip
frequency region of 0–5 Hz, which is the typical slip frequency
region where eddy current couplers operate continuously and
where they are optimally designed.
There are, however, two problems with regard to the calculation of the torque by (2). The first is that the 2-D transient FE
solution is still too expensive in terms of computational time
when used in the design optimization of the coupler. A much
faster analytical-based calculation method is required that is
proposed and evaluated later in this chapter. The second problem is the accuracy of the Russell factor Ke for extreme design
dimensions of the coupler. This is very important when (2) is
used in the design optimization of the coupler. In Sections V
and VI, the accuracy of Ke is evaluated in detail against 3-D
transient FE solutions for radial-flux couplers.
IV. 2-D TORQUE CALCULATION METHOD
This section contains the derivation of an analytical expression for the 2-D torque of the radial-flux coupler, followed by a

computationally efficient FEA approach to solve the analytical
torque expression.
A. Analytical 2-D Torque Expression
In the proposed analytical calculation of the 2-D torque of
the eddy current coupler the solid cylinder conductor is divided
into a number of radial layers i, each with an average conductor
layer radius rci , as shown in Fig. 8. Assuming that under low
slip frequency the conductor layers are only resistive, and using
the Lorentz force law, an expression for the 2-D torque can
be derived [6], [10], [15]. Modeling the torque calculated by
the current flowing in a conductor element of the cylindrical
conductor of the eddy current coupler at electrical position θ, as
shown in Fig. 9. The expression for the torque of the element of
Fig. 9 in the ith conductor layer is
τθ i =

3
hci lpm
4 rci
ωe Bi (θ)2 dθ
2
p
ρ

(5)

where rci is the middle radius, hci the height (thickness), lpm
the axial length, and ρ the resistivity of the conductor element.
Furthermore in (5), Bi (θ) is the radial-flux density value and
ωe is the relative electrical angular velocity (or angular slip
frequency) between the conductor and the flux density wave.
By integrating (5) over one electrical pole pitch of π radians and
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Fig. 10. Radial-flux density waveform of the eddy current coupler with (dotted
line) and without(solid line) armature reaction.

Fig. 11. Flux lines of the radial-flux eddy current coupler with (a) and without
(b) armature reaction.

multiplying by p poles, the torque of the coupler is given by
 π
3
hci lpm
4 rci
ωe
τr i =
Bi (θ)2 dθ.
(6)
p
ρ
0
With Bi (θ + π) = −Bi (θ) and Bi (−θ) = −Bi (θ), there are
respectively no even Fourier harmonics and no cosine terms in
the series, hence Bi (θ) of (6) can be expressed as a function of
θ as
Bi (θ) = B1i sin (θ) + B3i sin (3θ) + B5i sin (5θ) . . . . (7)
Replacing Bi in (6) by (7) and knowing that for the nth
harmonic order that
 π
π
(8)
Bn2 i sin(nθ)2 dθ = Bn2 i
2
0
the torque of (6) can be expressed as
τr i =

2π
p

3
hci lpm
rci

ρ

2
2
2
ωe [B1i
+ B3i
+ B5i
+ . . .].

Fig. 12. Torque calculation process in design optimization of the eddy
current coupler.

(9)

In (9), ωe is the fundamental slip angular frequency. The
importance of the layers is that the radial-flux density harmonic
content in the layer that is close to the magnets can substantially
differ from that in the layers in the middle of the conductor. For
thicker conductors, the number of layers is increased to ensure
accurate information of the radial-flux density distribution in
the conductor. With k layers (k = 4 in Fig. 8) the 2-D torque is
calculated from (9) simply as
τr =

k


τr i .

(10)

i=1

To take the end-effects into account as in (2), the torque of the
eddy current coupler is calculated analytically by
τ = Ke τ r .

(11)

B. Semianalytical 2-D Torque Calculation
To consider the effect of armature reaction, Figs. 10 and 11
show the waveforms and flux lines of the radial-flux density
in a conductor layer with and without armature reaction; the
armature reaction waveform and flux line is obtained from 3-D

transient FEA. This shows that the armature reaction effect is
small. It was also found that taking this effect into account made
very little difference in the torque calculation of (9). Hence, the
armature reaction effect on the flux density harmonics is ignored
in this calculation method.
With armature reaction ignored, it is possible to obtain all
the radial-flux density harmonic information of all the layers
from only one 2-D static nonlinear FE solution and by considering only one pole section of the coupler. Such a solution is
very fast and very accurate as it correctly takes into account
saturation, curvature-effects and the magnet-material characteristics. The radial-flux density harmonics of (9) of each layer can
be obtained by Fourier analysis of the layer radial-flux density
waveform available from the 2-D static FE solution. In this study,
only the lower flux density harmonic orders of n = 1, 3, 5, 7 are
considered in (9).
In Fig. 12, the torque calculation method as described above
is summarized. Also shown is how this calculation fits in a
design optimization process. The optimization algorithm sends
the design dimensions and slip frequency of the coupler to the
machine analysis software (marked by dotted lines) asking to
calculate the torque. The machine analysis software draws and
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Fig. 13. Radial-flux eddy current coupler with conductor thickness of
(a) h c = 1 mm and (b) h c = 8 mm.

meshes the geometry and completes a 2-D static nonlinear FE
solution of the given machine structure. From this the Fourier
radial-flux density harmonics of the layers are determined, followed by the calculation of the torque according to (9)–(11)
and the feedback of the calculated torque τ to the optimization
algorithm.

Fig. 14. Radial-flux eddy current coupler with conductor thickness of
h c = 48 mm, and δ the skin depth.

V. 2-D SEMIANALYTICAL METHOD RESULTS
It is important in design optimization to confirm the accuracy
of the proposed 2-D semianalytical torque calculation of (9)
and (10) against 2-D transient FEA torque calculation, τ2D(FEt) ,
for extreme variations of machine design dimensions. In this
section, the effect of varying the conductor thickness, magnet
thickness, and magnet pitch on the accuracy of (9) and (10) is
investigated.

A. Conductor Thickness
Three conductor thickness of the prototype coupler are considered in the analyses as shown by the cross sections in Figs. 13
and 14. The torque versus percentage slip results of the different
calculations are compared in Fig. 15. It is clear that the results
of the semianalytical calculation method are very accurate for
conductor thicknesses up to hc = 8 mm and slip speeds up to
5 Hz, as shown in Fig. 15(a). However, when the conductor size
is increased to hc = 48 mm, the 2-D transient FE torque of the
coupler at high slip speeds is significantly lower than that predicted by (9) and (10), as shown in Fig. 15(b). A more detailed
investigation into this calculation error is shown in Fig. 16(a),
where the percentage error is plotted versus slip speed with
conductor thickness a parameter. From this it is clear that the
percentage error in the calculation increases with slip speed and
conductor thickness.
The phenomenon in Fig. 16(a) can be explained by the skin
effect, which is the tendency of the induced current to flow at
higher frequencies only within the skin depth (δ) at the inner
and outer surfaces of the cylindrical conductor, as illustrated in

Fig. 15. 2-D analytical and 2-D transient FEA calculated torque versus slip
of the eddy current coupler with: (a) h c = 1 mm and h c = 8 mm conductors
and (b) h c = 48 mm conductor.

Figs. 14 and 17(a). This skin depth is calculated as follows:

2ρ
(12)
δ=
ωe μ
where ρ is the resistivity of the conductor, μ the permeability
of the conductor, and ωe the slip frequency. From (12), with an
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Fig. 16. Percentage error of the 2-D semianalytical torque calculation with
conductor thickness a parameter, with skin effect: (a) Not taken into account
and (b) taken into account.

increase in slip frequency the skin depth of the induced current
flow in the conductor decreases, causing the amount of induced
eddy currents and hence torque to reduce, as shown by the results
of the 2-D transient FE analysis in Fig. 15(b).
In order to compensate for this in (9), the skin depth δ is
first calculated at the considered fundamental slip frequency
by (12). If 2δ < hc , then only the layers i that are within the
skin depths of the conductor, that is where rin < rci < (rin + δ)
and (rout − δ) < rci < rout , are considered in (9). With skin
effect taken into account in this way, the accuracy of the
2-D semianalytical torque calculation of (9) and (10) improves
to be within 1% of the 2-D transient FE torque calculation for all
conductor thicknesses, as shown in Fig. 16(b). It must be noted
that to be strictly correct the skin depths have to be calculated for
each harmonic slip frequency ωen = nωe and then used accordingly to determine the active layers for that harmonic and from
that the harmonic torque. This is not used as it was found that it
makes very little difference in the calculated torque. The reason
for the latter is that with relatively thick conductors the radialflux density distribution in the conductor is quite sinusoidal with
a low harmonic content.

Fig. 17. (a) Visible skin effect where the current density is high only near the
inner and outer surfaces of the conductor. (b) Eddy current coupler with thick
magnets (left) and magnet pole pitch equal to pole pitch (right).

Fig. 18. 2-D semianalytical and transient FEA torque versus slip of the eddy
current couplers (i) and (ii) of Figs. 17(b).

set equal to the pole pitch. The skin effect is shown in Fig. 17(a)
for the thick conductor, where the current density remains near
the surfaces of the conductor even when the magnet thickness
is increased. Taking skin effect now into account in (9) and (10)
as described above, the comparisons of torque versus slip of the
two calculation methods for both cases of Fig. 17(b) are shown
in Fig. 18. This clearly shows the accuracy of the proposed 2-D
semianalytical method.

B. Magnet Thickness and Pitch Variation
Two further variations in the dimensions of the prototype eddy
current coupler are investigated. In Fig. 17(b)-(i), the magnet
thickness is increased, and in Fig. 17(b)-(ii), the magnet pitch is

VI. ACCURACY OF THE END-EFFECT COEFFICIENT
In [16], the accuracy of an analytical equation using Ke of
(3) to take end-effects into account is evaluated for axial-flux
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Fig. 19. Accuracy of torque versus slip calculation using Russell’s end-effect
factor (2), by comparing it with 3-D transient FEA of (1) for: (a) h c = 1.0 mm
[α = 0; β = 0.241]; and (b) h c = 48 mm [α = 0; β = 0.182].

eddy current couplers with different pole pairs and different
conductor dimensions. In this, evaluation errors not larger than
17% were found at a relatively high slip frequency of 12.5 Hz.
In this section, the accuracy of Ke is evaluated for radialflux eddy current couplers with extreme cylindrical conductor
dimensions. The accuracy of Ke is evaluated by comparing the
torque calculation of (2) with the 3-D transient FEA calculation
as expressed by (1). From (3), it can be seen that Ke is a function
of the number of poles and of α and β, as shown in Fig. 7. In
this study, the number of poles are kept constant at p = 16 as
for the prototype, and α and β are varied to the extreme.
In a first comparison the torque versus slip is calculated for
thin (hc = 1 mm) and very thick (hc = 48 mm) conductors with
α = 0 and β = 0.241 (thin conductor) and β = 0.182 (thick
conductor). The results of this calculation, as shown in Fig. 19,
show excellent comparison with β = 0.241, but with about a
16% error when β = 0.182.
In Fig. 20, the calculated torque versus slip results are shown
for α = 0 and α = 1 and with β = 0.1 and β = 1.0. Note that
Fig. 6 shows the results for the prototype with β = 0.23. There
is very good agreement between the results of (1) and (2), except
for the cases where β becomes small (i.e., axially short, radially
large couplers), as in Figs. 19(b) and 20(b).
To investigate the error in the calculation in more detail when
beta becomes small, the eddy current coupler of Fig. 13(b) was
simulated at slip frequencies of 1.5 and 3 Hz for small to large
values of beta. This simulation study was also repeated for a
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Fig. 20. Comparison of calculated torque versus slip using 3-D transient
FEA (1) and Russell’s end-effect factor (2) with α a parameter and (a) β = 1,
and (b) β = 0.1.

Fig. 21. Percentage calculation error versus β = lpm /dc with h c , dc and
frequency parameters.

larger in diameter coupler. The results of the percentage error
found in the calculation compared to 3-D FEA results are shown
in Fig. 21. It is clear that with β < 0.2 the accuracy of the endeffect coefficient Ke of (3) drops, with errors in the calculated
torque according to (2) larger than 10%.
VII. PRACTICAL RESULTS AND METHOD VALIDATION
The measurement setup for the practical tests is shown in
Fig. 22(a), where the torque and slip frequency of the coupler
are measured [15]. Four conductor rotors, as shown in Fig. 22(b),
were tested; the design detail of the conductor rotors is summarized in Table II. For the torque calculations of the coupler with
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Fig. 22. Eddy current coupler prototype: (a) Practical laboratory test set up;
and (b) four conductor types explained in Table II.
TABLE II
CONDUCTOR PROPERTIES
Fig. 24. Torque versus slip frequency of the equal (top graph) and zero
(bottom graph) overhang aluminum conductors 3 and 4 of Table II.
Conductor

1

2

3

4

Material
hc
lo h
τ at 2 Hz
α

Cu
8 mm
Max
6.8 Nm
0.243

Al
8 mm
Max
3.35 Nm
0.243

Al
8 mm
Equal
3.4 Nm
0.143

Al
8 mm
Zero
2.6 Nm
0

overhang conductor generates a larger torque as also predicted
by the Russell factor.
VIII. CONCLUSION

Fig. 23. Torque versus slip frequency of copper (top graph) and aluminum
(bottom graph) conductors 1 and 2 of Table II.

the different conductors, (1) and (11) were used. The torque
calculations were done at the same conductor temperatures as
were measured. The built models were run and tested under
rated conditions to verify the temperature range of the coupler.
A temperature of 60 ◦ C was measured after 60 min of the operation time.
The calculated and measured results of the coupler with the
four conductors are shown in Figs. 23 and 24. From this it is
clear that the calculated results according to (1) and (11) correlate well with each other and also compare well with the
measured results. Furthermore, the huge effect of copper conductor material above aluminum on the torque performance of
the coupler is clear from Fig. 23; the torque almost doubles with
copper material due to the much lower resistivity of copper.
Finally, the effect of conductor overhang on the torque performance of the coupler, which is shown in Fig. 24, where the

In this paper, a fast and accurate semianalytic torque calculation method for double PM-rotor eddy current couplers is
proposed and evaluated. The results are compared to a built
prototype with various conductor types. The following main
conclusions are drawn from the results.
1) The proposed 2-D torque calculation method that requires
one static FE solution is found to be very accurate at low
slip frequency values for extreme variations of machine
dimensions. The method takes yoke saturation, curvatureeffects, magnet-characteristics, skin effect, and radial air
gap flux density harmonics into account in the torque
calculation. This distinguishes the method from other analytical methods.
2) It is shown that the Russell factor becomes less accurate
when used to account for 3-D end-effects if β < 0.2, i.e.,
for radial-flux couplers that are axially short and radially
large. However, for designs with β > 0.2, which is typically the case, calculation accuracies of within 5% of
3-D transient FEA calculations are found. This makes the
use of the proposed semianalytic calculation method very
attractive in the design optimization of the coupler.
3) The Russell end-effect factor is evaluated in terms of zero
and equal overhang conductors. It is shown that the 3-D
end effect factor is accurate for zero and equal conductor
overhangs. These results suggest that there is an optimum
overhang, where torque per conductor material cost becomes a maximum.
4) It is shown that the proposed semianalytical method predicts the torque of the coupler very accurately compared
to measured results for various conductor materials and
conductor overhangs. In these calculations and measurements, amongst others, the almost doubling effect on the
torque performance of the coupler with copper material
above aluminum material is shown.
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