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Inductance and Permanent-Magnet End Flux
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Abstract—Due to the short end windings of nonoverlap winding
permanent-magnet (PM) machines, the end-winding inductance
component is generally ignored in the design. In most cases, the
end-flux fringing effects in PMs are also not taken into account. It
is shown in this paper that these end effects have a significant influence on the performance parameters of the machine. In this paper,
several nonoverlap winding PM machines are considered with
respect to the effects of end-winding inductance and PM end-flux
fringing. A number of calculation methods for the per-phase
end-winding inductance of the machines are compared. A new
simple analytical calculation method is proposed, which is shown
to give a relatively good prediction of the end-winding inductance
compared with 3-D finite-element (FE) results. It is proposed in
this paper that the PM strength should be reduced by a certain
fringing factor to take the end-flux fringing effects into account
in the 2-D FE analysis. Practical measurements are also presented
to validate the FE calculations and to give an indication on the
effects that are caused by the end-winding inductance and the PM
end-flux fringing.
Index Terms—Analytical models, design optimization, end
windings, finite-element (FE) methods, flux fringing, inductance,
permanent-magnet (PM) machines, saturation magnetization.
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a, b, c
Br
Dag
f1, 2, 3, 4

Dimensional parameters used in the calculation of
Le(1, 2, 3) [mm].
Permanent-magnet (PM) remanence or residual inductance [T].
Air-gap diameter [mm].
Subfunctions used in the calculation of k2 .
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hc
Hc
hg
hm
Is
K, k1 , k2
Kf
KM
Kp
l
le
lg
L(a, b)
Le(1, 2, 3)
Ls
Mc
na
Nc
ns
Pg
q
rc
Tb
Tg
Vs
vw
wc
wt
x, y
β
λs
λe
λm
σm

Coil height [mm].
PM coercivity [kA/m].
Air-gap height [mm].
PM height [mm].
Rated current [A].
End-winding inductance calculation constants,
with K = k1 − k2 .
PM end-fringing factor.
End-winding mutual per-phase cross-coupling factor.
External permeability factor.
Axial stack length [mm].
Average end-winding length [mm].
Distance of the end winding from the stack [mm].
Inductance notations used for calculations with the
method of mirror images [H].
End-winding inductance component [H].
Per-phase inductance [H].
Mutual phase end-winding cross coupling [%].
Number of parallel circuits.
Number of turns per coil.
Rotor speed [r/min].
Electrical output power [kW].
Number of coils per phase.
Average coil radius [mm].
Maximum breakdown torque [N · m].
Rated torque [N · m].
Rated voltage [V].
Wind speed [m/s].
Coil width [mm].
Average tooth width [mm].
Input parameters in the calculation of k2 .
Input parameter in the calculation of k1 .
Per-phase flux linkage [Wb · t].
End-winding flux linkage [Wb · t].
PM flux linkage [Wb · t].
Magnet pitch to pole pitch ratio.
I. I NTRODUCTION

I

N THE CASE of electrical machines with large diameters and short axial lengths, such as direct-drive PM wind
generators, the end effects have a significant influence on the
performance of the machine. In many cases, in the design of
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nonoverlap winding PM machines, the end-winding inductance
component is ignored due to the very short end-winding length.
This assumption, however, is shown in this paper to be invalid.
The largest influence of the end effects on the parameters
and the performance of the nonoverlap winding machine are
observed in the per-phase inductance value and the shortcircuit performance. Under the short-circuit conditions in PM
machines, as discussed in [1], the short-circuit current can be
extremely high, and undesired braking torque is produced. It is
essential that the correct short-circuit current is known as this
can influence the design of the PMs due to demagnetization
concerns. Moreover, particularly for directly grid-connected
systems, as discussed in [2]–[5], it is important to know the
amplitude of the maximum short-circuit current during grid
fault conditions. It is furthermore important to know the correct short-circuit torque profile of PM wind generators as this
will determine the electromagnetic braking capabilities of the
generator, as explained in [6]. An incorrect prediction of the
per-phase inductance can also result in the power factor of
the generator being significantly different from expected. Furthermore, for PM machine control, it is important that the correct machine parameter values are known. It is also important
that the correct machine parameters are used in the design of
the inductance–capacitance filter that is typically placed on the
generator side for PM machine drives.
Some of the most relevant methods and arguments found
in literature for the calculation of the end-winding inductance
are discussed in the following. In most cases, the end winding
is assumed to be fully encapsulated in air, and the end-coil
shape is assumed to be circular or semicircular. Examples are
the analytical approximation used in [7] and the analytical
approach in [8]. A typical analytical method, as proposed
in [9], is to combine the two coil ends to form a circularshaped or oval-shaped coil in air, of which the inductance
can be easily calculated from the formulas in [10]. However,
in reality, the shape of concentrated coil end windings is not
always circular and is, in many cases, much closer to the stack.
From the findings in [9] and [11]–[13], it can be observed
that the effects of the lamination stack on the end-winding
inductances cannot be ignored. In [12] and [13], the method of
images, as will be further explained in this paper, is proposed
for the calculation of the end-winding inductance. It is also
stated in [11] that care should be taken with regard to the rest
of the permeable machine structure, e.g., the machine casing
and the mounting plate. The most accurate calculation method
for the end-winding inductance is the 3-D finite-element (FE)
inductance calculation method, as explained in [14] and [15].
In this calculation of the end-winding inductance, the perphase 2-D FE inductance is first calculated and subtracted from
the per-phase 3-D FE-calculated inductance. However, 3-D
FE modeling is difficult, and 3-D FE simulations are time
consuming, which does not make this method suitable for use in
design optimization iterations and in the quick evaluation of the
end-winding inductance. In [16], a 2-D FE calculation method
for the end-winding inductance is proposed. With this method,
some of the other permeable machine structure components
can be also taken into account. Another FE method that is
proposed in literature to calculate the end-winding inductance
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is the simplified 3-D FE method reported in [17]. In this case,
only the end-winding region is modeled in the 3-D FE method
and a small part of the lamination stack. However, even for
this much simpler 3-D FE model, the simulation times will be
significantly more than that of 2-D FE simulations. Therefore,
there is a lack of simple and accurate calculation methods
for end-winding inductance in literature, and little mention is
made on the effect that this parameter can have on the machine
performance.
In [18], it is mentioned that, in addition to the end-winding
inductance, there are other aspects that influence the per-phase
inductance and short-circuit performance of the machine. Thus,
it is not sufficient to only take into account the end-winding
inductance component for the calculation of the machine performance. It is found that, by changing the magnetic saturation
levels in the machine, a much better match is obtained between
the FE results and the measurements. The changes in magnetic
saturation levels can be attributed to the variations in the characteristics of the PMs. It is therefore essential that the effects
that are caused by the PM end-flux fringing be investigated.
Some mention is made in literature regarding this aspect. It
is mentioned that, particularly for large diameter, axially short
machines [19], machines with a small air gap [20], and at load
values higher than the rated values [21], the PM end effects
cannot be ignored any longer. In [22] and [23], the output
performance parameters are multiplied by a fringing factor and
in [24], by a further magnetic saturation correction factor. These
factors are calculated by observing the difference in the 3-D
and 2-D FE calculations for a specific range of PM machines.
In [19], an analytical approach that uses fictitious PM arrays is
used to calculate the 3-D PM field distribution.
In this paper, two different analytical methods for the calculation of the end-winding inductance, of which one is a new
proposal, and two FE calculation methods are compared with
each other with regard to accuracy. An investigation into the
effects of the PM end-flux fringing and whether there is a
simple method to obtain an indication on the amount of fringing
is also launched. Furthermore, the short-circuit characteristics
of nonoverlap winding PM machines are investigated to gain a
better understanding of the influence of the end effects on these
machines. Five different nonoverlap winding PM machines are
evaluated in order to obtain a valid comparison and a better
indication of the accuracy of the calculation methods, with
practical measurements also shown.
II. PM M ACHINES I NVESTIGATED
An application of the nonoverlap winding PM machines
studied in this paper is for wind turbine generators, as in [5]
and [25]–[27]. Table I gives some information on the five
different PM machines evaluated, and Fig. 1 shows the sections
of the five PM machines under consideration. Machines 1–4 are
similar in size and power rating, with different coil dimensions
and winding configurations. For a further characterization of
the different calculation methods, Machine 5, which is a much
larger direct-drive wind turbine generator, is also evaluated.
All the machines make use of nonoverlap modular windings.
Machines 1 and 2 make use of a single layer (SL) winding
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TABLE I
D IMENSIONS AND D ESCRIPTION OF THE D IFFERENT
PM M ACHINE S TRUCTURES

Fig. 2. (a) Top view of the coil. (b) Combination of the two end-coil sections
into one circular coil. (c) Cross section of the circular coil.

III. E ND -W INDING I NDUCTANCE C ALCULATION
In this section, two analytical calculation methods and the
2-D FE method that is used to calculate the end-winding
inductance are explained. The technique that is used to isolate
the end-winding inductance from the 3-D FE analysis is also
discussed.
A. First Analytical Calculation Method

Fig. 1. Sections of the studied PM machines. (a) Machine 1 [25]. (b) Machine 2
[5]. (c) Machine 3 [5]. (d) Machine 4 [26]. (e) Machine 5 [27].

configuration, where every alternate tooth is wound, and Machines 3 to 5 use double layer (DL) windings, where each
tooth is wound. Moreover, Machine 2 makes use of a solid
bar winding with only one turn. Some of the coil and machine
parameters given in Table I and necessary for the calculations
are the average coil radius rc , coil width wc , the average tooth
width wt , and the height of the coil hc . The aspect ratio,
as commonly used in electrical machine sizing and as given
in Table I, is the ratio of axial stack length l to the air-gap
diameter Dag of the machine. The rated power and torque of
the machines are indicated by Pg and Tg , respectively; the
rated speed, by ns ; and the rated root-mean-square voltage and
current, by Vs and Is , respetively. It is clear in Table I and Fig. 1
that several different nonoverlap winding machine topologies
are evaluated in this paper, which gives a good indication on
the accuracy of the calculation methods considered in this
paper.

The first analytical equation presented in this paper makes
use of the elementary method of combining the two end-coil
sections to form a circular coil in air, as is used in [9]. To
calculate the inductance, the formula for a circular air-cored
coil with the rectangular cross section given in [10] is used.
Fig. 2 shows how the two end-winding sections on both sides
of the stack are combined to form the circular coil. For this
method, it is assumed that the end-coil sides of all the machines
in Table I are circular in shape. From the dimensions of the
circular coil, the per-phase end-winding inductance can be
expressed from [10] as


1.9739 2a2
(1)
Le(1) =
Nc2 qK (μH)
n2a
b
where na is the number of parallel circuits, Nc is the number
of turns per coil, and q is the number of coils per phase. The
constant K is given by
K = k1 − k2

(2)

with k1 and k2 given in the Appendix as functions of the
dimensional variables a, b, and c. These variables are given as
a = 0.5 le , with the average end length given as le = wt + wc ,
b = hc , and c = wc .
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Fig. 4. (a) Model and (b) field plot of the 2-D FE end-winding inductance
calculation method.

must be further multiplied by a factor 2. Hence, the per-phase
end-winding inductance in the second analytical method, with
b = 2wc and c = hc , is calculated by




1.9739 2a2
le
2
Le(2) = 2 ×
×2
qK
N
c
2πa
n2
b
  a
2a
1.257
= 2 le
(3)
Nc2 qK (μH).
na
b

Fig. 3. (a) Cross section of the coil ring with dimensions hc × wc on
laminations. (b) Cross section of the coil ring with dimensions hc × 2wc in
air. (c) Coil ring with radius rc used for the second analytical calculation.
(d) Actual end-winding path length.

B. Second Analytical Calculation Method
In this approach, the effect of the lamination stack on the endwinding inductance is taken into account using the theory in
[12]. In this case, the inductance per end-winding length section
is calculated for the large circular coil shown in Fig. 3(c) that
has Nc turns and is placed against a laminated core, as shown in
the cross-section view in Fig. 3(a). It is experimentally proven
in [12] that the laminated core can be taken as a medium of
infinite permeability in the calculation of the inductance of the
coil at a rated frequency; the idea that the induced eddy currents
in the laminations due to the axial end-winding flux prevent
the end-winding flux from penetrating the core is found to be
untrue in [12]. According to the mirror image principle, the core
plane of infinite permeability can be removed and replaced by
the mirror image of the circuit, i.e., by using a second coil in
air and by placing it as shown in Fig. 3(b). Thus, the circuits in
Fig. 3(a) and (b) generate the same amount of flux and have the
same flux pattern.
If the two coils in Fig. 3(b) are considered one coil with Nc
turns and double the current to generate the same flux, then the
inductance of the coil in Fig. 3(a) will be double the inductance
of the coil in Fig. 3(b), i.e., L(a) = 2L(b) . The inductance L(b)
of the coil in air in Fig. 3(b) can be calculated by using (1).
To calculate the inductance per end-winding length unit of
the large circular coil in Fig. 3(c), the formula in (1) must be
multiplied by factor le /2πa, where 2πa, with a = rc , gives the
circumference of the large circular coil. Furthermore, to include
the inductance of the other half of the end winding, the formula

At this point, it is very important to specify the correct endwinding length, as will be seen in Section IV-A. In (1) and
Fig. 3(c), it is approximated as le = wt + wc . This corresponds
to the end-winding section that is indicated by BC in Fig. 3(d).
However, observing Fig. 3(d), if Sections AB and CD are
taken into account, it is seen that the actual end-winding length
is closer to le = wt + 2wc + 2lg , where lg is the distance of
the end winding from the lamination stack. With the current
direction of the end-winding sections AB and CD assumed to
be perpendicular to the current flowing in Section BC, it would
be normally assumed that these extra end-winding sections are
not affected by the lamination stack. From the FE observations,
however, it was found that, for this end-winding section, the
lamination stack does have an effect. For this particular study,
it was found that, for coils with lg < 2.5 mm, the effect of
the stack on this section can make a substantial contribution to
the overall end-winding result. For coils with lg > 2.5 mm, the
observed effect of the lamination stack is not as critical for this
particular end-winding section, and it is sufficient to assume
that this extra section is solely influenced by air. Thus, a third
analytical approach is devised as
⎧
⎨ Le(2) (le=wt +2wc +2lg , b=2wc ) , for lg < 2.5 mm
(4)
Le(3)= Le(1) (le=wc +2lg , b=wc )
⎩ +L
for lg > 2.5 mm
e(2) (le=wt +wc , b=2wc ) ,
with a = rc , and c = hc for all cases.
C. FE Calculation Methods
As no end effects are taken into account by the conventional
2-D FE analysis, a simple 2-D FE method, as proposed in [16],
is used to calculate the end-winding inductance. This simplified
FE model is shown in Fig. 4 for Machine 1. A conductor with
dimensions of wc × hc and model depth le is placed next to
the half of the rotor and stator stack, as shown in Fig. 4(a).
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TABLE II
V ERIFICATION OF THE C ALCULATION R ESULTS
IN [10] W ITH THE 3-D FE A NALYSIS

Fig. 5. Three-dimensional FE field plot of Machine 1.

This conductor is defined as a coil and is excited with the rated
machine current Is . From the resulting single static 2-D FE
solution, end-winding flux linkage λe and the inductance are
determined with Le = λe /Is .
To shed more light on the accuracy of the analytical methods,
the 3-D FE analysis is used to calculate the inductances. Fig. 5
shows the 3-D FE plot of Machine 1. To determine the endwinding inductance of the PM machine, the 2-D total perphase inductance is subtracted from the 3-D total per-phase
inductance. Note that, in this case, the 2-D FE analysis refers
to the conventional 2-D FE simulation and not the simplified
2-D FE end-winding inductance calculation method, as in
Fig. 4. To eliminate the PM end-winding leakage flux linkage
and to simplify the calculation, the PMs are “switched off” in
this analysis. This will obviously change the magnetic saturation levels of the core but will have little effect on the endwinding inductance as the reluctance of the end-winding flux
path is almost entirely dominated by air.
In both the conventional 2-D and 3-D FE solutions, balanced instantaneous three-phase currents are used to include
the mutual flux linkage between the phase windings. The total
phase inductance is simply determined from the total phase flux
linkage divided by the instantaneous phase current, with Ls =
λs /Is . Thus, in this calculation, one 2-D static FE solution
and one 3-D static FE solution are required. This is the most
accurate method to calculate the end-winding inductance, as
the correct shape of the end-coils and the permeable mediums
around the end-coils are taken into account. To investigate
the effect of the mutual flux coupling between the phase end
windings, the given FE calculations are repeated but with only
one phase excited.
IV. I NDUCTANCE C ALCULATION R ESULTS
The explanation of the calculated results in this section is
discussed as follows. First, the accuracy of the formulas from
literature is evaluated against the results from the FE analysis.
Second, the calculation results for all the discussed analytical
and FE methods that are applied to the different PM machine
topologies are explained.
A. Verification of Formulas
In Table II, the formula (1), which is obtained from the work
in [10], for the calculation of the inductance of a circular coil
in air is verified. This is done by calculating the inductance
values of a 3-D FE model of the end-winding circular coil in

TABLE III
V ERIFICATION OF THE M ETHOD OF I MAGES U SING THE FE A NALYSIS

TABLE IV
E ND -W INDING I NDUCTANCE R ESULTS A NALYTICALLY C ALCULATED
AND C ALCULATED BY THE FE A NALYSIS

Fig. 2(b) in air of the five PM machines under consideration.
An average accuracy of 7.18% is obtained for the five PM
machines, which validates the formula in [10]. The method
of images, as experimentally analyzed in [12], is also verified
again with the FE analysis, as shown in Table III, by calculating
the inductances of the conductors defined in Fig. 3(a) and (b). It
is clearly found that L(a) = 2L(b) , which validates the method
of images, as used in this paper.
B. Inductance Calculations
In Table IV, the calculated end-winding inductances of the
five PM machines are given using the two analytical and two
FE analysis methods. From this, it is clear that the effect of the
lamination core cannot be ignored, as the inductance values of
the first analytical method are far lower than the values that
are obtained from the other methods. The inductance values
obtained from the 2-D FE method are also shown to be a bit
on the low side. The importance of specifying the correct value
for le is also clearly seen by comparing the results of Le(2)
with le = wt + wc for all cases and Le(3) with le , as defined
in (4). It is shown that Le(3) , as in (4), gives the best inductance
values compared with the values of the 3-D FE method given
in Table IV for the five PM machines, particularly for the SL
windings. The total per-phase inductance Ls that is calculated
using the 3-D FE method is also shown in order to obtain an
indication on the relative size of Le with respect to Ls . It is clear
that a large portion of Ls can be attributed to Le , in some cases,
more than 20% of it. To shed some more light on the results of
Table IV, Table V gives the mutual phase cross coupling Mc
inductance component in percentages for the end-windings of
the five machines. It is clearly seen that the DL windings are
much more affected by the mutual phase cross coupling, with
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TABLE V
E FFECTS OF THE M UTUAL P HASE C ROSS C OUPLING ON Le

Fig. 7. Flux density plots shown for the PMs of Machine 1 isolated, with no
boundary conditions applied to the side of the machine.

Fig. 6. Flux density plots shown for the PMs of Machine 1 isolated, with the
boundary conditions applied to the side of the machine.

a substantial percentage increase in Le observed. These effects
are also less for Machine 3 compared with Machines 4 and 5,
which also use a DL winding. The reason is that the two DL
coils of Machine 3 are stacked on top of one another, instead of
being adjacent, as is the case for Machines 4 and 5.
For a generalized approach to more accurately calculate the
end-winding inductance, a mutual phase cross-coupling factor
KM is calculated from the average values of Mc in Table V. To
take Mc into account, (4) should be changed to KM × Le(3) ,
with KM ≈ 1.02 for SL windings, which is almost negligible,
and KM ≈ 1.1 for DL windings. The new values that are
calculated for Le are shown in Table V. A much better match
is obtained between the values of the analytical expression of
KM × Le(3) and the values from the 3-D FE analysis for the
five different nonoverlap winding PM machines. An average
error of only 2.3% is observed.
In [18], the effect of the other permeable mediums that are
in close proximity to the end windings, particularly the turbine
mounting plate, which is typical for PM wind generators on
Le , is also shown. Thus, if it is deemed necessary due to
the mechanical topology of the electrical machine, Le(3) can
be multiplied by another generalized factor of Kp ≈ 1.1 to
take into account an approximated 10% contribution for the
permeable construction mediums.
V. PM E ND -F LUX F RINGING E STIMATION
To obtain an indication of the influence of the PM end flux on
the machine performance, the 3-D FE analysis is again utilized.
The goal is to obtain an expression or a factor to implement in
the 2-D FE modeling that matches the 3-D FE and measured
results. The prototype generator, as shown in Fig. 1(a), and the
3-D FE field plot in Fig. 5 are used as a case study. Fig. 6 shows
the flux density field plot of Machine 1 with the PMs isolated
and where a flux tangential boundary condition is applied to
the side of the machine in the FE modeling. In the field plot in
Fig. 7, the boundary condition is removed, and the simulation is
run again. It should be noted that, for the 3-D FE method, half
of the machine section is modeled in the axial direction. At the
end sections of the PMs, a disturbance can be clearly observed
in the flux density plot. This indicates that there are significant
fringing effects occurring at the PM ends.

Fig. 8. B–H curves in the second quadrant for the NdFeB N48H PM material
for different PM temperatures.

Fig. 9. Per-unit reduction in the FE-calculated per-phase inductance Ls and
PM flux linkage λm versus the per-unit PM strength for Machine 1.

Furthermore, some of the machine parameters, which include
axial length l, magnet height hm , magnet span σm , and air-gap
height hg , were varied, and the flux density plot in Fig. 7 was
observed again in each case. The only parameters that are found
to influence the flux fringing area that is situated at the end
sections of the PMs observably are hm and hg . In literature,
this disturbance area is used to calculate a constant PM flux
fringing factor Kf . The 2-D-calculated PM flux linkage can
be then multiplied by this factor with λm = Kf λm to obtain
a “corrected” λm . However, due to the large amount of flux
fringing around the sides of the PMs, air-gap flux density Bg is
reduced, which means that the magnetic saturation levels and
the reluctance of the flux paths in the machine change. This
means that the reduction in λm does not necessarily linearly
correspond to Kf .
In this case, rather than using Kf to reduce λm or any
other 2-D FE machine output performance parameters, the PM
strength of the magnets that are used in the 2-D FE modeling
is modified by a factor. This is done by modifying the PM B–H
curve data used in the FE method by shifting the B–H curve line
downward, which is similar with an increase in temperature,
as shown in Fig. 8. Usually, in the analysis of the PM B–H
curve, the flux density at zero magnetic field intensity is referred
to as remanence flux density Br ; hence, in this case, the PM
strength is modified with Br = Kf Br . Fig. 9 shows the effect
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Fig. 10. Percentage error between the measured and FE-calculated phase inductance Ls and voltage Vs versus the per-unit PM strength for Machine 1.

of this variation in the PM strength on λm and Ls , again with
Ls = λs /Is , with Is held constant. One would expect that λm
would decrease at the same rate as the PM strength, but clearly,
λm is only changing at less than half of this rate. Ls , on the
other hand, increases at about double the rate of change of
λm for the same reduction in the PM strength. Thus, it is
clear that magnetic saturation plays a significant role in the
calculation of λm and Ls . The proposal in literature to modify
the performance parameters that are calculated by the 2-D FE
method using a “correction” factor is thus clearly not valid. In
order to obtain an indication if the approach to rather modify
the PM strength is valid, an experimental analysis is included
within the PM end-flux fringing investigation. In Fig. 10, the
error between the 2-D FE-calculated and measured open-circuit
voltage and the 2-D FE-calculated and measured inductance,
with Le = Le(3) , are shown as a function of the magnet strength
for Machine 1. The open-circuit voltage is measured at a rated
speed of 150 r/min. Ls is calculated using the classical opencircuit and short-circuit tests for synchronous machines [28].
These tests give an adequate indication of Ls , as it is measured
at a very low frequency, which means that the core losses can
be neglected.
An aspect that should be further considered is the temperature of the PMs, which also causes PM strength variations.
Although it is kept constant in the analysis, this aspect should
be considered for the PM machines with a high operating
temperature or a high PM loss component. Fig. 8 shows the
B–H curves in the second quadrant of the NdFeB N48H PM
material, as used in this study, at different operating temperatures. The flux density axis is shown (in per units), with the
base defined as Br = 1.39 T at 20 ◦ C, with the coercivity point
given as Hc = 1054 kA/m for the used N48H PM material.
Furthermore, inconsistencies in the electrical steel used, as
discussed in [29] and [30], can further influence the magnetic
saturation levels and flux path reluctances and, thus, λm and Ls .
VI. PM M ACHINE P ERFORMANCE R ESULTS
Fig. 11 shows the different machines that are being evaluated,
with Fig. 11(a) and (b) showing Machine 1 on the test bench
and being field tested, respectively. The turbine in Fig. 11(b)
has a diameter of 7.2 m, with a rated torque of 1000 N · m
at 150 r/min. The rated wind speed vw is 11 m/s at a hub
height of 16 m. The solid aluminum bar windings for Machine
2 can be clearly seen in Fig. 11(c). Fig. 11(d) shows the DL
windings for Machine 3 stacked on top of one another, instead

Fig. 11. Machine 1 [25] on the (a) test bench and (b) being field tested.
(c) Machine 2 [5]. (d) Machine 3 [5]. (e) Machine 4 [26]. (f) Machine 5 [27].

Fig. 12. Measured and FE-calculated open-circuit voltage of Machine 1, with
all end effects taken into account, versus the rotor speed.

of adjacent to each other, as is the case for Machines 4 and 5.
Machine 4, which is a double-rotor topology, consists of epoxycasted sections that are then individually placed between the
two rotors, as shown in Fig. 11(e). As aforementioned, Machine
5 is a much larger direct-drive wind generator, as shown in
Fig. 11(f).
The aim of the measurements shown in this section is to
show the effects of Le , and Kf , which give an indication of
the PM flux fringing effect, on the short-circuit characteristics
of the machines. Figs. 12 and 13 show the open-circuit voltage
and short-circuit current profiles, respectively, of Machine 1
versus the rotor speed with a nominal speed of 150 r/min.
The torque versus the speed is shown in Fig. 14 due to the
importance of electromagnetic braking in PM wind generators.
The torque-versus-speed curves for vw = 12 and 12.5 m/s are
for the turbine that is shown in Fig. 11(b). The maximum
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VII. C ONCLUSION

Fig. 13. Measured and FE-predicted steady-state short-circuit current
(Irated = 23 A) profiles of Machine 1, with the end effects ignored and taken
into account, versus the rotor speed.

Fig. 14. Turbine torque profiles and steady-state electromagnetic braking
torque of Machine 1 (Trated = 1000 N · m), with the end effects ignored and
taken into account, versus the turbine speed.

It has been clearly shown in this paper that the end effects
of nonoverlap winding PM machines cannot be ignored in
the analysis, particularly in the aforementioned rated region.
This is particularly true for the PM machines with low aspect
ratios. It is furthermore shown that the commonly used methods
that ignore the effect of the laminated core in the calculation
of the end-winding inductance are not valid. In this paper,
a new analytical approach, with Le = Le(3) and Mc = 0, to
calculate the end-winding inductance of nonoverlap winding
PM machines has been presented. This calculation formula is
shown to give consistently good results compared with the 3-D
FE analysis for a series of nonoverlap winding PM wind generators. Furthermore, it is also found that the fringing flux occurring at the PM end sections has a substantial effect on the
short-circuit characteristics of the machine. It is shown that it is
not valid to simply multiply the output performance parameters
of the machine by a constant fringing factor, as proposed in
literature. A method has been proposed in this paper, in which
the PM fringing flux effect is taken into account in the 2-D
FE analysis by reducing the PM strength by a certain factor.
By means of the 3-D FE method, it was found that, for the
investigated machines, a PM strength reduction of about 5% is
sufficient to take into account the fringing effect. With the newly
proposed end-effect calculation methods, a much better match
is obtained between the 2-D FE and practical measurements.
A PPENDIX
Discussed in the following are the procedures to obtain
values k1 and k2 , which are to be used in conjunction with (1),
(3), and (4).
A. Calculation of Parameter k1

Fig. 15. Measured and FE-predicted steady-state short-circuit torque profiles
of Machines 2, 3, and 4, with all end effects taken into account, versus the rotor
speed.

braking torque, as defined in [6], is equivalent to Tb ∝ λ2m /Ls ,
and the initial gradient of the torque curve at a low speed is
mostly dominated by the per-phase machine resistance. The
effect of ignoring Le and Kf can be clearly seen, particularly
if the regions above the rated torque and current are observed
with the rated values for the different machines, as given in
Table I. By reducing the magnet strength, as in Fig. 10, by a
factor of Kf = 0.95, a much closer match is obtained between
the measured and FE-calculated results. Fig. 15 shows the
measured and FE-calculated short-circuit torque profiles with
the end-winding inductance and the PM fringing effects taken
into account for Machines 1–4, with Kf = 0.94 for Machines 2
and 3, and Kf = 0.95 for Machine 4. In all cases, a perfect match
between the FE calculations and the measurements are obtained.

For the calculation of k1 , the following series formula, as
given in [10], can be used with




1
4
4 1
2β
β2
loge −
k1 =
+
loge +
π
β
2
8
β 8


2
6
2
4
5β
2β β
loge −
+
−
π 64
β
3
1024


109
4
− ···
(5)
× loge −
β
120
where β = b/2a, with a and b as used in (1), (3), and (4). It is
stated in [10] that, for values of β as large as 1/4, the first three
terms in (5) will yield an accuracy of 0.001.
B. Calculation of Parameter k2
The value of k2 can be found in the lookup tables given in
[10] and [18], as a function of c/b and c/2a, or as a function
of b/c and c/2a, with a, b, and c as used in (1), (3), and (4).
However, in this paper, to more easily calculate the values of
k2 , a curve fitting approximation is made with the help of the
MATLAB package for the two tables under consideration. If
b/c ≤ 1, then the following expression, with x = b/c and y =
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c/2a, can be used as
k2 = f 1 e

f2 y

+ f3 e

f4 y

(6)

where
f1
f2
f3
f4

= − 0.0638x2 + 0.3298x − 0.001973
= − 0.1165x2 + 0.03898x − 0.3941
= 0.06118x2 − 0.03218x + 0.001861
= − 1.167x2 + 0.3721x − 5.587.

If c/b ≤ 1, then the following expression can be used, with x =
c/b and y = c/2a, as
k 2 = f 1 ef 2 y + f 3 ef 4 y

(7)

where
f1 = − 0.2652x2 + 0.6943x − 0.01944
f2 = − 8.246e−20.14x − 0.2779e−0.3369x
−0.001548x + 0.0003029
f3 = 4
x − 2.211x3 + 1.1485x2 − 0.2759x + 0.01816
−2.493x2 + 0.8325x − 0.4384
.
f4 = 3
x + 0.03686x2 − 0.2928x + 0.05966
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