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Abstract -- The macro air-gap element and its torque
formulation were proposed earlier by Abdel-Razek et al. for
modeling electrical machines with an annular air-gap. This
paper extends the existing formulation for force calculation in
the finite element model incorporating a two-dimensional
Cartesian macro air-gap element. The new formulation can be
useful for force or torque calculation of some special electric
machines with a flat air-gap such as linear and axial flux
machines. For validation purpose, the new formulation is
implemented to model a single-sided axial flux permanent
magnet machine with non-overlap concentrated windings. The
solution generated using the new formulation is validated by
comparing it with that of the virtual work method and
measurements. It shows that the new formulation is
computationally efficient and accurate.

II.

FORCE FORMULATION FOR CARTESIAN AIR-GAP
ELEMENT

In this section, the force formulations based on the
Maxwell stress tensor and the virtual work principle
respectively are derived for the two-dimensional CAGE.

Index Terms--Air gaps, finite-element methods, force, linear
machines, mesh generation, axial flux machines.

I. INTRODUCTION
HE finite element dynamic modeling of electrical
machines often requires that the relative motion between
the stator and the rotor be taken into account. In the
past decades, a number of methods and techniques have been
developed to handle the movement without re-meshing the
computational domain such as the macro air-gap element
(AGE), the moving layer method and the Lagrangian
multipliers-interpolation method [1].
Amongst others, the macro air-gap element was initially
proposed by Abdel-Razek et al. for the dynamic modeling of
the annular air-gap of an electrical machine [2, 3]. The prime
advantages of the AGE are the ease of handling dynamic
motion with great accuracy while the main drawback is the
relatively large profile of its stiffness matrix. The later may
be alleviated by using a profile optimizing method
introduced in [4]. With the availability of greater computing
power of personal computers, there has been some renewed
interest in AGE [5-10]. The AGE and its torque formulation
were originally derived for a polar coordinate system to
model an electrical machine with an annular air-gap. To
accommodate the two-dimensional modeling of some special
electrical machines such as linear and axial flux machines,
the Cartesian air-gap element (CAGE) was introduced in [6].
In this paper, the force or torque calculation method
presented in [2] has been re-formulated to work with the
CAGE. The co-energy method that incorporates the CAGE
is also presented in the paper. For validation purposes the
new formulation is implemented to model a single-sided
axial flux permanent magnet machine with a double-layer
non-overlap concentrated winding. The solutions produced
by the new formulation are compared with measurements.
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Fig. 1. Solution domain of the CAGE.

A.

Maxwell Stress Tensor Method
Consider a generic linear electrical machine, which has a
flat air-gap as shown in Fig. 1, where b and a are ycoordinates of the air-gap top and bottom boundaries,
respectively. For a Cartesian coordinate system, the
electromagnetic force between the stator and rotor of the
machine may be expressed as follows by using the Maxwell
stress tensor method:
F=

pL
2 μ0

∫

x1 + x 0
x1

B x B y dx

(1)

where p is the number of periodic sections, L is the active
length of a coil side of the machine, and x0 is the periodic
length of the CAGE. The flux density components, Bx and
By, are calculated by using derivatives of the shape function
of the CAGE [6], α iε , i.e.
α iε ( x, y ) =

and

y − c a0i ∞ e λn ( y −c ) − e λn ( c − y )
(a ni cos λn x + bni sin λn x )
+∑
'
'
c ' − c 2 n=1 e λn ( c −c ) − e λn ( c −c )
⎧a and c ′ = b if i ∈ {1, 2, … , s }
c=⎨
⎩b and c ′ = a if i ∈ { s + 1, … , t },

( 2)

where λn = ±2nπ / x0 , a0i, ani and bni are Fourier coefficients
of the nodal shape function of the CAGE defined from the
shape functions of the adjacent triangular elements. Equation
(1) is, hence, transformed into the following format:
F=

pL

[A]εT [f ][A]ε ,

(3)

μ0
where [A]ε is the nodal vector potential values of the CAGE
and [f] is a matrix defined as:

f ij = ∫

x1 + x0
x1

∂α i ∂α j
x
dx = 0
∂x ∂y
2

∞

∑λ

2
n

n =1

e λn ( y − c ) − e λn ( c − y ) e λn ( y − g ) + e λ n ( g − y )
e λn ( c ′ − c ) − e λn ( c − c ′ ) e λn ( g ′ − g ) − e λn ( g − g ′ )
(ani bnj − anj bni )
( 4)

⎧ b and g ′ = a if i ∈ {1, 2, … , s }
g=⎨
⎩a and g ′ = b if i ∈ { s + 1, … , t } .

where

Since in (1) force is calculated by means of integration
along a closed contour in the air-gap, if we integrate along
the mid-line of the air-gap, i.e. y = (a+b)/2, (4) becomes:
x
f ij = 0
2

∞

∑λ
n =1

2
n

a+b
a+b
− g)
− c ) cosh λ n (
2
2
( a ni bnj − a nj bni )
sinh λn ( c ′ − c )
sinh λn ( g ′ − g )

sinh λn (

(5)

B. Virtual Work Method
The virtual work method makes use of the following
formulation:
Fvw = p L

∂W ′
ΔW ′
≈pL
,
∂x
Δx

( 6)

where the magnetic co-energy W′ consists of two parts as
total

′ + WCAGE
′ = ∑ ∫ ( B H − ∫ H dB)dS i +
W ′ = WFE
i =1

1
2μ 0

[A]εT [S ] ε [A] ε

(7)

The first term is the summation of the magnetic co-energy
of each classical triangle element while the second term is
the magnetic co-energy of the CAGE, where [S]ε is the
stiffness terms matrix of the CAGE as given in [6]:
S ijε =
+

(e

x0
b−a
a 0i a 0 j
′
4 ( c − c)( g ′ − g )

λn
x0 ∞
1
⋅ e λn ( b−c ) − e λn ( c−b )
∑
2 n =1 e λn ( c′−c ) − e λn ( c−c′) e λn ( g ′− g ) −e λn ( g − g ′)

[(

λn ( b − g )

) (

)(

+ e λn ( g −b ) − e λn ( a −c ) − e λn ( c−a ) e λn ( a − g ) + e λn ( g −a )

)] (a

ni

)

(8)

a nj + bni bnj )

For a triangle element with nonlinear magnetic properties,
the co-energy is obtained through an integration process
using the respective B-H curves.

TABLE I
DESIGN SPECIFICATIONS OF THE SINGLE-SIDED AXIAL FLUX PERMANENT
MAGNET MOTOR
Design data
Output power, kW
Rated speed, r/min
Number of phases
Rated line current (RMS), A
Rated frequency, Hz
Rated torque, Nm
Rated current density (RMS), A/mm2
Rated power factor
Number of poles
Number of stator slots
Number of stator coils
Number of turns per coil
Number of parallel circuits
Stator outer diameter, mm
Stator inner diameter, mm
Total axial length, mm
Air gap length, mm
Permanent magnet type
Magnet arc to pole pitch ratio
Cooling system
Class of insulation

16
450
3 (Wye)
44
112.5
340
11.5
0.922 (Lagging)
30
27
27
101
3
330
224
53.25
1.4
N40SH sintered NdFeB
0.94
Liquid
F

The motor is of a double-layer 30-pole/27-slot
combination. Fig. 2(b) shows the developed twodimensional finite element (FE) model of the motor at the
average air-gap radius, which consists of 10 poles and 9
coils requiring positive periodicity being applied to the left
and right boundaries. Homogeneous Dirichlet conditions are
assigned to the top and bottom boundaries. The entire airgap is represented by a CAGE and is therefore not meshed.
Both the Maxwell stress tensor and the virtual work
methods are implemented in the finite element coding. The
force calculated for different armature currents and current
angles are converted into torque by multiplying it with an
average radius. The laboratory measurement setup is shown
in Fig. 3, in which the AFPM motor is connected to a geared
induction machine drive via a torque sensor.

(a)

(b)
Fig. 2. Single-sided axial flux permanent magnet machine with doublelayer, non-overlap, concentrated winding, (a) physical machine; (b) finite
element model.

III. VALIDATION BY COMPARISON
To validate the above-derived force formulation for the
CAGE, an axial flux permanent magnet (AFPM) motor with
a non-overlap concentrated winding shown in Fig. 2(a) is
modeled. The design data and parameters of the AFPM
motor are given in Table I.

Fig. 3. Laboratory measurement setup.

The geared induction machine drive is controlled to
provide loading to the AFPM motor. A DSP controller was
used to apply current control of the AFPM motor.
Fig. 4 compares the measured and calculated torque
versus current (id=0) characteristics, while Fig. 5 shows the
measured and calculated torque responses to different
current angles for 1/3 and 1.0 p.u. current loading.

computationally efficient, accurate and of use to special
electrical machines with a flat air-gap.
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Fig. 5. Torque of the AFPM machine at different current angles with
current a parameter.

It can be observed that the calculated results generally
correlate well with the measured ones. Both Maxwell stress
tensor and virtual work methods give practically the same
results; the maximum discrepancy between the two methods
is within 0.3%. The FE model consists of 4992 triangle
elements and 2874 nodes. The simulation was carried out on
a Dell Latitude D830 laptop (Core 2 Duo 2GHz processor)
running the SUSE 10.2 operating system. The average CPU
time for a single torque calculation (including complete
mesh generation, field solution and force calculation
sequence) using the Maxwell stress tensor and virtual-work
methods are 4 and 5 seconds, respectively.
Although the virtual work method requires two solutions
to calculate one torque value (see Eqn. (6)), the solution time
is only 20% longer. This is attributed to the fact that a profile
reduction scheme devised by [3] is implemented to minimize
the re-calculation time of the CAGE stiffness matrix [S]ε in
(8). Since the CAGE allows for any amount of linear
movement, the accuracy of the computed function value [11]
and the optimum step size can be easily determined.
IV. CONCLUSION
In this paper the torque formulation originally derived for
the annular air-gap macro element has been re-formulated
for Cartesian air-gap element. The new formulation is
successfully implemented and validated in a case study. It
shows that the torque/force formulation with the CAGE is
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